Head Related Transfer Functions (HRTF's) 
Iiitroduction
When sound waves are propagated from a vibrating source to a listener, the pressure waveform is altered by diffraction caused by the torso, shoulders, head and pinnae. In engineering terms, these propagation effects can be captured by two transfer functions, H L and H R , that specify the relation between the sound pressure of the source and the sound pressures at the left and right ear drums of the listener. These so-called IIeatl Related Transfer Functions (IIRTF's) are acoustic filters that vary both with frequency and with tlie aziniuth 8, elevation q5 and range r to the source [3] . If a monaural sound signal representing the source is passed through these filters and heard through Iieadphones, the listener will hear a sound that seems to come from a particular location in space. Appropriate variation of the filter characteristics will cause the sound to appear to come from any desired spatial location [23, 241 . This is the basis of the Convolvotron, a virtual acoustic display system that generates convincing 3D sounds through headphones by real-time convolution with experimentally measured HRTF's [all.
Such systems have a number of possible applications, including providing more effective acoustic information t o pilots [14] , supporting teleconferencing, and enhancing virtual reality systems [2l, 81.
Several attempts have been made to model HRTF's, both t o understand their behavior and to simplify the binaural synthesis process. This system identification task has been complicated by four major problems: (a) the difficulty of approximating the effects of wave propagation and diffraction by simple, low-order parameterized filters, (b) the complicated joint dependence of the HRTF's on azimuth, elevation and range, (c) the lack of a quantitative criterion for measuring the accuracy of an approximation, arid (d) the great person-to-person variability of HRTF's. In this paper, we present the requirements for an effective model and review the various models that have been proposed.
The HRTF and Localization Cues
Psychoacousticians have extensively studied the various cues that people apparently us13 to determine the location of sound sources [3, 151. It is well known that the primary cues for azimuth are binaural, and include the interaural time difference (ITD) and the interaural intensity difference (IID). It is widely believed that the most important elevation cues are monaural, and are derived frorn changes that occur in the spectrum as the sound source moves up or down, although we have shown that outside of the median plane the elevation can be accurately recovered from tlie IID alone [7] . The cues for range and the qualities that make sounds heard over headphones seem externalized are only partially understood [15] ; since people are not particularly good at range estimation, we limit our attention to azimuth and elevation. Fig. 1 shows experimentally measured head related impulse responses h~ ( t , 8 , d ) for the right ear, both in the horizontal plane and in the median sagittal plane. gives the spectral ITD. Fig. 2 shows how the IID varies with azimuth in the horizontal plane. Although this frequency response is rather complex, at any particular frequency it varies roughly sinusoidally with azimuth. Measurement of the group delay shows that the ITD also varies roughly sinusoidally with azimuth, although it is about 50% higher at low frequencies than at high frequencies [12]. For a symmetric head, both the IID and the ITD are zero in the median plane, and the cues for localization in elevation are monaural. Fig. 3 shows how AR varies with elevation in the median plane. The major response peak around 3.5 kHz is due to ear-canal resonance, and the moving features are due to refraction by the outer ears or pinnae.
Unfortunately, the full behavior of the HRTF can not be determined from behavior in the orthogonal horizontal and median planes, and the HRTF is a rather complicated joint function of azimuth and elevation. Significant simplification can be achieved by using a spherical coordinate system in which the polar axis coincides with the interaural axis. In these coordinates, to a first approximation the ITD varies only with azimuth, and can be obtained from the results in the horizontal plane. Furthermore, the IID can be expanded in a Fourier series in azimuth, the first term of which has the form bl(w,d)sinO, where the Fourier coefficient b l is shown in Fig. 4 [7] . Although this is a rough approximation, it greatly simplifies the problem by factoring the azimuth and the elevation dependence.
If one wants to model such complicated functions, a key problem is to identify their essential characteristics. Unfortunately, we have no meaningful quantitative error criterion for determining the quality of an approximation, and we must turn to listening tests. When the subject whose HRTF has been measured listens through headphones to the results of filtering a monaural sound source by such impulse responses, the perceived sound image is usually faithfully localized in space [24] . It does not follow that other listeners will experience a well localized image. While the gross features of the HRIR's are the same for everybody, there is great person-to-person variation in the detailed features. Although some researchers think that the seriousness of the interperson variability has been exaggerated [19] , the anecdotal experience of many people having difficulty hearing spatial effects with binaural recordings has been confirmed by psychoacoustic testing [22] , and it is generally accepted that customized HRIR's are required for effective localization. This make parameterized HRTF models all the more desirable.
The Spherical Head Model
In theory, it should be possible to calculate the HRTF's by solving the wave equation, subject to the boundary conditions presented by the torso, head and pinnae. Needless to say, this is analytically beyond reach and computationally formidable. Over 100 years ago, Lord Rayleigh obtained a remarkably good lowfrequency approximation by obtaining an exact solution to the simpler problem of the diffraction of a acoustic plane wave by a rigid sphere [17] . Among other things, his solution showed that (a) the "headshadow" IID effects begin to appear around 1 kHz, and (b) the ITD varies sinusoidally with azimuth and gradually though rather complexly with frequency[l2].
Even though Rayleigh's model was simple, his solution was not, and various approximations have been proposed. A typical approximate model is a cascade of an azimuth dependent "head-shadow" fil- [5]. However, this model does not provide any elevation dependence, and the apparent location is not externalized, but appears to be inside the head.
Pinna-Echo Models
About 25 years ago, Batteau showed that the pinnae play a critical role in determining elevation, and he conjectured that two major ridges in the outer ear act like reflecting surfaces, producing multipath echoes whose timing gave the cues for elevation [l] . This leads t o a pinna transfer function of the form H p = (1 + ple-jwT1 + p z e -j w ' 2 ) / ( l + p1 + pz), where both the reflection coefficients p i and the echo delays ri can vary with azimuth and elevation. Although pinnaecho models have been criticized as oversimplifying the complicated diffraction process [18, 3] , their frequency response curves exhibit comb-filter notches that resemble experimental data [4] , and psychoacoustic tests indicate a strong correlation between the notch frequencies and the perception of elevation [20] .
General Structural Models
Perhaps the most ambitious HRTF model to date is due to Genuit, who has proposed a combination of cascade and multipath filter sections to account for static effects (ear-canal resonance, eardrum impedance), azimuth-dependent effects (interaural delay, head diffraction), and elevation-dependent effects (a second pinna reflection, shoulder reflection) [9, 101. The attractive feature of Genuit's model is that it not oiily separates the azimuth-dependent and elevationdependent components, but it also promises to relate the filter parameters to easily measurable body dimensions, such as the width of the shoulders and the depth of the cavum conchae.
While structural models are conceptually very appealing, they have not yet been shown to be effective in creating synthetic binaural sounds. An informal evaluation of a real-time implementation of a simplified structural model gave azimuth effects that were no better than the spherical head model, elevation effects that were weak at best, and no sense of externalization [5] . It is entirely possible that much better results can be obtained if the model parameters are carefully chosen, but no effective procedure for doing this is known.
Models Based on Series Expansions
Since experimentally measured HRTF's can produce excellent azimuth, elevation, and range ("outof-head") results, an alternative approach is to obtain models by applying general system identification methods to experimental data. The most popular procedure t o date has been to apply a principal components or Karhunen-LoCve expansion to the log-amplitude response [13, 113, although the periodic variation of the HRTF with azimuth and elevation makes a Fourier series expansion of the log-IID more natural [7] . The terms in a series expansion of a log-amplitude spectrum correspond to a cascade model, which is appropriate for head diffraction and ear-canal resonance, but less suitable for echoes and similar multipath phenomena. An alternative is to apply a KL expansion to the complex HRTF itself [6]; although mathematically valid, such an additive expansion seems unnatural for a transfer function.
Given enough terms in the series, all of these expansions can produce excellent approximations and good spatial effects. Unfortunately, they cannot be used without having experimental HRTF data. Thus, they do not provide a direct method for obtaining customized HRTF's.
Conclusions
The modeling of HRTF's is a challenging problem in system identification. While azimuth effects are readily modeled, elevation is more difficult, and range or externalization is largely a mystery. Structural models offer the promise of easy customization, but no effective procedure for determining the parameters has been demonstrated. Mathematical expansions produce excellent performance, but no effective procedure for obtaining expansion from body dimensions has been found. A combination of the two approaches seems to offer the greatest promise for an effective solution. 
